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We present an isometric version of the complementably universal
Banach space IP with a Schauder decomposition. The space P is
isomorphic to Petczynski's space with a universal basis as well as to
Kadec's complementably universal space with the bounded
approximation property.
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In 1969 Petczyniski constructed a complementably universal Banach
space with a Schauder basis. Two years later, Kadec constructed a
complementably universal Banach space for the class of spaces with
the BAP. Just after, Petczynski showed that every Banach space
with BAP is complemented in a space with a basis. Applying
Petczynski’ decomposition argument, one immediately concludes
that both spaces are isomorphic.
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e-isometries

o Let X, Y be Banach spaces, e > 0. f: X — Y is an
e-isometry if

(L+e)™ - lIxll < I < (1 +e) - Il

Vx € X.
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e-isometries

o Let X, Y be Banach spaces, e > 0. f: X — Y is an
e-isometry if

(L4 X < IFG)IN < (L +2) - x|
Vx € X.

@ An isometry f : X — Y that is an e-isometry for every € > 0,
ie. [[F(x)| = |Ix]| ¥x € X.
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e-isometries

o Let X, Y be Banach spaces, e > 0. f: X — Y is an
e-isometry if

(L4 X < IFG)IN < (L +2) - x|
Vx € X.

@ An isometry f : X — Y that is an e-isometry for every € > 0,
ie. [[F(x)| = |Ix]| ¥x € X.

@ A Banach space Y is e-complemented in X if
e YCX
o T:X — Ysuchthat | Ty —y| <ce|y|l Vy € Y.
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e-isometries

@ “0-complemented" means “complemented".
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e fis a (< e)-embedding if it is an &’-isometric embedding for
some 0 < &’ <e.
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e-isometries

“0-complemented" means “complemented".

f is a (< €)-embedding if it is an &’-isometric embedding for
some 0 < &’ <e.

e Y is (< e)-complemented in X if it is ¢’-complemented for
some 0 <&’ <e.

E is complementably universal for a class of spaces if every
space from the class is isomorphic to a complemented
subspace of E.
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e-isometries

Let X be a Banach space.
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Let X be a Banach space.

e A Schauder decomposition, (finite-dimensional decomposition)
is a sequence P, : X — X of finite rank pairwise orthogonal
linear operators such that x = )7, Ppx for every x € X.
Given such a decomposition, let @, = Py + -+ P,_1. Then
Q@ is a finite-rank projection @, : X — X.
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e-isometries

Let X be a Banach space.

e A Schauder decomposition, (finite-dimensional decomposition)
is a sequence P, : X — X of finite rank pairwise orthogonal
linear operators such that x = )7, Ppx for every x € X.
Given such a decomposition, let @, = Py + -+ P,_1. Then
Q@ is a finite-rank projection @, : X — X.

We shall say that X has k-FDD, if k > sup,c,, ||Qnl|. We consider
1-FDD only (called monotone FDD or monotone Schauder
decomposition). Every Schauder decomposition is determined by
finite-rank projections Q, such that Q;Qm = Qmin(n,m) and

x = limp_0o @nx for x € X.
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Initial object
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Initial object

Fix € > 0 and fix a surjective linear operator f : X — Y such that
(L +e) 7 Xl < IFC < Il

for x € X. Consider the following category &%. The objects:
i:X—>Z,j:Y — Z such that
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Initial object

Fix € > 0 and fix a surjective linear operator f : X — Y such that
(L +e) 7 Xl < IFC < Il

for x € X. Consider the following category &%. The objects:
i:X—>Z,j:Y — Z such that

o [li] <1 and [lj]l < 1;
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Initial object

Fix € > 0 and fix a surjective linear operator f : X — Y such that
(L +e) 7 Xl < IFC < Il

for x € X. Consider the following category &%. The objects:
i:X—>Z,j:Y — Z such that

o [li] <1 and [lj]l < 1;

o [li(x) —J(FI < ellx]| for x € X.
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Initial object

An arrow.
2y
Jjo
io
Y
f
X
Joanna Garbulifnska Jan Kochanowski University in Kielce/Jagiellonian University in Krakéw, Poland

Isometric uniqueness of a complementably universal Banach space for Schauder decomposition.



Definition Category theory Main results Bibliography
000 0e0000000 000 o]

Initial object

An arrow.

2o
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Initial object

An initial object.

2y
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Initial object

Lemmal

The category R% has an initial object (ig, jo) such that both iy, jo
are canonical isometric embeddings into X @ Y with a suitable
norm || - || and there exist projections P: X @ Y — X and

RQ: XY =Y (||P]| <£1and | Q] <1).

XY XeY
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Initial object

Lemmal

The category R% has an initial object (ig, jo) such that both iy, jo
are canonical isometric embeddings into X @ Y with a suitable
norm || - || and there exist projections P: X @ Y — X and

RQ: XY =Y (||P]| <£1and | Q] <1).

XY XaY
3P 3IQ
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Initial object
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Initial object

1) Define
G={(x,~f(x)) € X xY:xece !By}
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Initial object

1) Define
G={(x,~f(x)) € X xY:xece !By}
2) Let K be the convex hull of (Bx x {0}) U ({0} x By) UG .

Joanna Garbulifnska Jan Kochanowski University in Kielce/Jagiellonian University in Krakéw, Poland

Isometric uniqueness of a complementably universal Banach space for Schauder decomposition.



Definition Category theory Main results Bibliography
000 0000e0000 000 o]

Initial object

1) Define
G={(x,~f(x)) € X xY:xece !By}

2) Let K be the convex hull of (Bx x {0})U ({0} x By)U G .
We will show that the norm

10, ¥)lIk = inf{Ixollx + llyilly +elxellx : (x,y) =
(XOaO) + (O,.yl) + (X2, —f(Xz)), (X,)/) € K}' is as required.
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Initial object

1) Define
G={(x,~f(x)) € X xY:xece !By}

2) Let K be the convex hull of (Bx x {0}) U ({0} x By)
We will show that the norm
106 y)llk = inf{{lxollx + llyally +ellxellx = (x,y) =
(XOa 0) + (O,.yl) + (X2, —f(Xz)), (X,)/) € K}' is as required.
Define ip(x) = (x,0), jo(y) = (0,y).
o Firstly we show that (i, o) is an object of R%:
o |lioflk <1 and [Lollx <1;

o [lio(x) —so(F(x))llk < ellx]| for x € X;
@ We prove that iy and jp are isometric embeddings.
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Initial object

1) Define
G={(x,~f(x)) € X xY:xece !By}
2) Let K be the convex hull of (Bx x {0})U ({0} x By)U G .
We will show that the norm
106 y)llk = inf{{lxollx + llyally +ellxellx = (x,y) =
(XOa 0) + (O,.yl) + (X2, —f(Xz)), (X,)/) € K}' is as required.
Define iO(X) = (X,O), 10(.)/) = (0,)/)
o Firstly we show that (i, o) is an object of R%:
o |lioflk <1 and [Lollx <1;
o [lia(x) — io(F() i < x| for x € X;
@ We prove that iy and jp are isometric embeddings.
Next step is to show that (ig, jo) is an initial object of &%.
@ Given an object (/,/) of R, define

T(xy) = i(x) +i(y)-
o We show that || T||x < 1.
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Initial object
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Initial object

3) Define linear operators P: X @Y - Xand Q: X B Y — Y as:
o P(x,y) =x+(1+¢&)*f1(y)
° Q(x,y)=f(x)+y
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Initial object

3) Define linear operators P: X @Y - Xand Q: X B Y — Y as:
o P(x,y) =x+(1+¢&)*f1(y)
° Q(x,y)=f(x)+y

4) We check that ||P||x < 1 and ||Q]|y < 1, so these operators are
projections.
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Initial object

Let R be a category. A Fraissé sequence in R is an inductive
sequence U satisfying the following conditions:
(U) For every A € R there exists n € N such that £(A, U,) # 0;

Uo Un
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Initial object

(A) For every n € N and for every morphism f € &(Up,, B), where
B € R, there exist m € N, m > n and g € &(B, Up,) such that
ul"=gof.

Uo Ui ..Up Uk Un...
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Uo Ui ..Up Uk Un...

Joanna Garbulifnska Jan Kochanowski University in Kielce/Jagiellonian University in Krakéw, Poland

Isometric uniqueness of a complementably universal Banach space for Schauder decomposition.



Definition Category theory Main results Bibliography
000 00000000e 000 o]

Initial object

We now define the relevant category K. The objects of K are
rational finite-dimensional Banach spaces.

Xo X1 Xn

Given rational finite-dimensional spaces E, F, an R-arrow is a pair
(e, P) of rational linear operators e : E — F, P : F — E such that:

(P1) e is a rational isometric embedding.
(P2) Poe=idg and ||P| <1, where E is the domain of e.

Now we use the fact that every countable category with
amalgamations has a Fraissé sequence.
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Initial object

We now define the relevant category &. The objects of | are
rational finite-dimensional Banach spaces.

1 2 n
e e? e 1 entl
Xo X =X,
p& Pf Pl p'r]H—l

Given rational finite-dimensional spaces E, F, an &-arrow is a pair
(e, P) of rational linear operators e : E — F, P : F — E such that:

(P1) e is a rational isometric embedding.
(P2) Poe=idg and ||P| <1, where E is the domain of e.

Now we use the fact that every countable category with
amalgamations has a Fraissé sequence.
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Theorems

Let us consider the following extension property of a Banach space

X:

(E) Given a pair E C F of finite-dimensional Banach spaces such
that E is complemented in F, given an isometric embedding
i : E — X such that /[E] is complemented in X, for every
€ > 0 there exists an e-isometric embedding g : F — X such
that ||g | E — i|| < € and g[F] is e-complemented in X.
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Theorems

Theorem (Uniqueness)

Let P and K be Banach spaces satisfying condition (E) and let

h: A — B be a bijective linear isometry between complemented
finite-dimensional subspaces of P and K, respectively. Then for
every € > 0 there exists a bijective linear isometry H : P — K that
is e-close to h. In particular, P and K are linearly isometric.
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Theorems

Theorem (Uniqueness)

Let P and K be Banach spaces satisfying condition (E) and let

h: A— B be a bijective linear isometry between complemented
finite-dimensional subspaces of P and K, respectively. Then for
every € > 0 there exists a bijective linear isometry H : P — K that
is e-close to h. In particular, P and K are linearly isometric.

Pi>

I

Ao

<R
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Theorem (Universality)

Let X be a Banach space with a monotone FDD. Then there exists
an isometric embedding e : X — P such that e[X] is
1-complemented in IP.
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